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f^.,^' Abstract. Thanks to the test function of Bian-Guan[2], we successfully obtain a constant rank 

rrt ' theorem for partial convex solutions of a class partial differential equations. This is the micro- 

scopic version of the macroscopic partial convexity principle in [1], and also is a generalization 
of the result in [2]. 



m 



1. Introduction 



■^^ ■ The convex solution of partial differential equation is an interesting issue for a long time. And 

r^ . so far as we know, there are two important methods for this problem, which are macroscopic and 

C^ , microscopic methods. Whereas there are many solutions which are not convex. For example, the 

admissible solutions of the Hessian equations were studied in [7,10], the power concave solutions 
in [13,18], and the fc-convex solutions in [11]. In this paper we will consider the partial convex 
solutions (see [1] or Definition 1.1 as below) of the elliptic and parabolic equations. 

The study of macroscopic convexity is using a weak maximum principle, while the study of mi- 
^+ I croscopic convexity is using a strong maximum principle. For the macroscopic convexity argument, 

Oj ' Korevaar made breakthroughs in [14,15], he introduced concavity maximum principles for a class 

of quasilinear elliptic equations. And later it was improved by Kennington [13] and by Kawhol 
^\ ■ [12]. The theory further developed to its great generality by Alvarez-Lasry-Lions [1]. The key of 

^D . the study of microscopic convexity is a method called constant rank theorem which was discovered 

in 2 dimension by Caffarelli-Friedman [5] (a similar result was also discovered by Singer- Wong- 
Yau-Yau [19] at the same time). Later the result in [5] was generalized to M" by Korevaar-Lewis 
^^ ' [17]. Recently the constant rank theorem was generalized to fully nonlinear equations in [6] and 

Si [2], where the result in [2] is the microscopic version of the macroscopic convexity principle in [1]. 

Constant rank theorem, is a very useful tool to produce convex solutions in geometric analysis. 
By the corresponding homotopic deformation, the existence of convex solution comes from the 
constant rank theorem. For the geometric application of the constant rank theorem., the Christoffel- 
Minkowski problem and the related prescribing Weingarten curvature problems were studied in 
[8,9,10]. The preservation of convexity for the general geometric flows of hypersurfaces was given 
in [2]. Soon after the constant rank theorem for the level set was established in [3], where [3] 
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is a microscopic version of [4] (also it was studied in [16]). And the existence of the fc-convex 
hypersurface with prescribed mean curvature was given in [11] recently. 

In this paper we consider the partial convexity of solutions of the following elliptic equation, 
and give a constant rank theorem for partial convex solutions 

(1.1) F{D^u,Du,u,x)=0, xencR^, 

where F e C'^-^^{S^ xR^ xRxQ) and F is elliptic in the following sense 

dF 

(1.2) (- {D'^u,Du,u,x))nxn > 0, ioTallxefl. 

OUab 

First, we give the definition of the partial convexity of a function u, which could be found in [1]. 

Definition 1.1. Suppose u e (7^(0) n C{n), where f] is a domain in M^ = M^' x M^", and N' 
and N"a.re two integers with N — N' + N" . Then u is partial convex (with respect to the first 
variable) is that x' — > u{x',x") is convex for every x — {x',x") G il. In particular, if A^" — 0, i.e. 
u is convex in il C R^ ~ K^ , u is said degenerate partial convex. 

For simplicity, we introduce additional notations . As in [1], we denote iS" to be the set of all 
real symmetric n x n matrices. And we shall write p G K in the form {p',p") with p' G M , 



p" G M^ and split a matrix A e S'^ into ^ j with a G 5^ , fe G M^ ^^ and c G 5^ ; we 
also let 

(1.3) F{A,p,u,x)^F{(^l^r ^^,p',p",u,x',x"). 

One of our main results is the following theorem 

Theorem 1.2. (CONSTANT RANK THEOREM) Suppose n is a domain in M^ = R^' x R^" 
and F{A,p,u,x) G C'^'^{S^ x M^ x M x il). If F satisfies (1.2) and the following condition 

(1.4) ^U(a-ife)^ c + 6^a-ife) '^''^"'"'^''^"'' «■« ^ocaZ^?/ conuex m (a, 6, c,p", u, x'). 

If u £ C'^'^{Q,) is a partial convex solution of (1.1), then (uij)iqixN' has constant rank in il. 

Remark 1.3. if N" = 0, i.e. for the degenerate partial convexity, structure condition (1.4) is 
inverse- convex condition, the result of Bian-Guan [2]. And for general partial convexity, structure 
condition (1.4) is strictly stronger than the inverse- convex condition. 

An immediate consequence of Theorem 1.2 is for partial convex solutions of the following quasi- 
linear second elliptic equation 

N 

(1.5) ^ a°-''{x" ,ui{x),- ■ ■ ,UN'{x))uab{x) ^ f{x,u{x),Du{x)) > Q, 

a, 6=1 

where x G fi C R^ and 

(1.6) (a''''(x",ui(x),--- ,ujv'(x)))jvxA' > 0, for all a; G r2. 
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Corollary 1.4. Suppose ^ is a domain in R^ ~ R^ x M^ , and u G C'^'^{VL) is the partial convex 
solution of (1.5). If 

f{x',x",u,p',p") is locally concave in {p",u,x'), 

then {uij)N>xN' has constant rank in O. 

Set 

N 

(1.7) F{D^u, Du,u,x) — y. o" {x" ,ui{x),- ■ ■ ,UN'{x))uab{x) — f{x,u{x),Du{x)), 

a, 6=1 

we can verify that F satisfies the structure condition (1.4) (sec the equivalent condition (3.13) in 
the third section). 

A corresponding result holds for the parabolic equation. 

Theorem 1.5. Suppose n is a domain in K^ == M^' x R^" , and F{A,p,u,x,t) e C''^^'^{S^ x 
R^ x K. X il X (0,T]). If F satisfies (1.2) for each t and the following condition 

(1.8) ^i\ ( -ih\T I uT -ii ] ,p' ,p" tUjx' ,x" ,t) is locally convex in (a, b,c,p" ,u,x'). 
If u ^ C'^'^{Q, X (0,r]) is a partial convex solution of the equation 

(1.9) — = F{D'^u,Du,u,x,t), {x,t) enx {0,T], 

then {uij{x,t))NixN' has constant rank in fl for each T ^ t > 0. Moreover, let l{t) he the minimal 
rank of (uij{x,t))N'xN' in ^, then l{s) ^ l{t) for all s ^t ^T. 

The rest of the paper is organized as follows. In section 2, we work on the Laplace equation, a 
special case of Corollary 1.4. In section 3, using the key auxiliary function q{x) in [2], we do some 
preliminarily calculations on the constant rank theorem. In section 4, we prove the Theorem 1.2 
using a strong maximum principle. In section 5, we prove Theorem 1.5. And the last section is 
devoted to a discussion of the structure condition. 

Acknowledgement. The author would like to express sincere gratitude to Prof. Xi-Nan Ma 
for his encouragement and many suggestions in this subject. 

2. AN EXAMPLE 

In this section, we give a constant rank theorem for partial convex solutions of Laplace equation, 
a special case of Corollary 1.4. 
We rewrite the result as follows. 

Theorem 2.1. Suppose fl is a domain in R^ — R^ x R^ , and u G C'^'^{Vt) is the partial convex 
solution of the following equation 

N 

(2.1) Au(x) = ^Maa(a;) = /(a;,w(x),L)M(x)) > 0, a; e fi. 

a=l 
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Assume 

(2.2) f{x',x",u,p',p") is locally concave in {p",u,x'), 

then {uij)NixN' ho,s constant rank in fl. 

Before the proof of Theorem 2.1, we do some prehminaries. As in [9], we recaU the definition of 
fc-symmetric functions: For 1 ^ fc ^ A^', and A = (Ai, A2, • • • , A^v') G K^ , 

il<i2<---<ik 

we denote by ak{^ \i) the symmetric function with Ai = and crfe(A \ij) the symmetric function 
with Ai = Aj = 0. 

The definition can be extended to symmetric matrices by letting ak{W) ^ crfe(A(VF)), where 
X{W) — {Xi{W),\2{W),- ■ ■ ,Xn'{W)) are the eigenvalues of the symmetric matrix W. We also 
set (To = 1 and cTfe = for k > N' . 

We need the following standard formulas, which could be found in [9], [2] or [3]. 

Lemma 2.2. Suppose W — {Wij) is diagonal, and m is positive integer, then 

dTmjW) ^ j(7m-l{W \i), if i = j, 





10, 


*/ 


^^J- 






<ym-2{W\i. 

-cr„i^2iW 
0, 


fc), tf 1 = 

\ik), if i 
otherwise. 


.%k = 
= 1.3 


--l,ij^k, 
= k,i ^j, 



dW^jdWki ' 

Proof of Theorem 2.1. With the assumptions of u in Theorem 2.1, m is automatically in C^'^ . 
We denote W = {uij)N'xN'- For each zq G 17 where W is of minimal rank I. We pick a small open 
neighborhood O of zq, we will prove it always be rank of / in O. We shall use the strong minimum 
principle to prove the theorem. Let 

(2.3) (f>{x) ^ ai+,{W), 

then (/)(zo) = 0. We shall show (/)(a;) = in C If true, it implies the set {x € n\<j>{x) — 0} is an 
open set. But it is also closed, then we get (t>{x) = in fJ since f2 connected, i.e. {uij)j^ixN' is of 
constant rank / in il. 

Following Caffarelli and Friedman [5], for two functions h{y) and k{y) defined in an open set 
O C ri, we say that h{y) < kly) provided there exist positive constants ci and C2 such that 

(2.4) (ft -fc)(y)< (Clival +C20)(y). 

We also write h{y) ^ k{y) if h{y) < k{y) and k{y) < h{y) . Next, we write h < k \i the above 
inequality holds in the neighborhood O, with the constants ci and C2 independent of y in this 
neighborhood. Finally h ^ k ii h < k and k < h. 
We shall show that 

N 

(2.5) A0(a;)=^0„„(x)<O. 

a=l 
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Since (t>{x) ^ in 17 and (J){zq) — 0, it then follows from the Strong Minimum Principle that 
(j){x) = in C 

For any fixed point x € O, we rotate coordinate ei,--- , bat/ such that the matrix Uij,i,j = 
1, • • • , iV' is diagonal and without loss of generality we assume un ^ U22 =^ • • • ^ un'N'- Then 
there is a positive constant C > depending only on ||u||p3,i and O, such that um'N' ^ • • • ^ 
UN'-i+iN'-i+i ^ C > for all X e O. For convenience we denote G — {N' — l + l, ■ ■ ■ , N'} and B = 
{1,2,--- , N' — 1} which means good terms and bad ones in indices respectively. Without confusion 
we will also simply denote B — {un,--- , ujv'-(Ar'-(} and G — {wAr'-i+iAr'_(+i, • • • ,un>n'}- In 
the following, all the calculation at the point x are using the relation < with the understanding 
that the constants in (2.4) are under control. 

Following a direct computation as in [9] and W is diagonal, we can get 



(2.6) ~ ~ o'i(G) yj Uii, and uu ~ for each i e B; 

(2.7) ^ (l)a ^ m{G)Y,' 



i£B 



then by (2. 6), (2. 7) and Lemma 2.2, we obtain 

a— 1 a— 1 2j — 1 -^ i,j,k,l — l ■^ 

a— 1 i— 1 ijj^l -'-' 2,j — 1 "^ ■^ 



(2.8) -- ^ [cr;(G)^Ujiaa - 2cr;(G) ^ UijaUj^a] 

a=l i^B ieB.JeG ^^ 

^ 1 

^MG)J2{AuU^2<Ji{G)J2 E — <a- 
For each i e B, we differentiate (2.1) twice in Xi, then we obtain 

Af 



Af 

a=l 

,2 



N N N 

a—1 a—1 a, 6—1 

since VF = {uij)NixN' is diagonal and (2.6), we get from the above equation 

N N N 

V ^^/ ~r ^ / ^ JxijPc^'^ai i ^ y ^ Ju^pc^^i'^ai ~r / ^ Jp^ ,p^^ai'^f3ij 

a=N' + l a=N' + l a,l3=N' + l 
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SO we obtain from (2.8) and (2.9) 

. N'-l N N' N'-l 

'^ ' i=l a=lj=N'-l+l ^^ 4=1 

N N' N'-l N'-l 

(2.10) ^ - 2 ^ Y. — E 4a + E [/-.-. + 2/",-."* + fu.uul 

a=lj=N'-l+l ^^ i=l i=l 

TV Af TV 

a=N> + l a=N' + l a,l3=N' + l 

By the condition (2.2), we obtain (2.5). The proof of Theorem 2.1 is completed. 

Remark 2.3. In (2.8), we have used Lemma 2.5 in [2], otherwise the first "^" will be "<". 

Remark 2.4. By a similar proof as above, we can get the general case of Corollary 1.4. 

3. PRIMARILY CALCULATIONS ON THE CONSTANT RANK THEOREM 

3.1. calculations on the test function. With the assumptions in Theorem 1.2 and Theorem 
1.5, u is in C^'^. Let W = {uij)N'xN' and / = min rank{W{x)). We may assume / ^ A^' — 1, 
otherwise there is nothing to prove. Suppose zq G fJ is a point where W is of minimal rank I. 

Throughout this paper we assume that 1 ^ i,j,k,l,m,n ^ N' , N' ^ a, /3, 7, 77, ^, C ^ N" , 
1 ^ a,b,c,d ^ N and <Jj{W) = if j < or j > N' . As in Bian-Guan [2], we define for 

(3.1) ,(T4^) = /^:Tf»}' */ .m(^)>0, 

[0, if ai+i{W)^0. 

and we consider the following test function 

(3.2) <l) ^ ai+iiW) + q{W). 

For each zq G CI where W is of minimal rank I. We pick an open neighborhood O of zq, and for 
any fixed point a; G 0, we rotate coordinate ei , • • • , cn' such that the matrix Uij , z, j = 1 , • • • , N' is 
diagonal and without loss of generality we assume wn ^ U22 ^ • • • ^ ujsi'N' ■ Then there is a positive 
constant C > depending only on ||m||(-;3,i and O, such that u^in' ^ • • • ^ uw-j+iAr'-i+i ^ C > 
for all X & O. For convenience we denote G = {TV' - I + 1, • • • , N'} and B = {1,2,- ■ ■ ,N' - 1} 
which means good terms and bad ones in indices respectively. Without confusion we will also 
simply denote B = {uii, • • • , UAr/_(jv'_;} and G = {liTv-i+iw-z+i, • • • , uj^in/}. Note that for any 
(5 > 0, we may choose O small enough such that Ujj < 5 for all j G B and x E O. 

We will use notation h — 0(f) if \h{x)\ ^ Cf{x) for x G with positive constant C under 
control. It is clear that uu — 0{(f>) for all i E B. 

To get around ai+i{W) = 0, for e > sufficient small, we consider 

(3.3) q(w,) = ^l±I^ <p, = a^+^{W,) + q{W,), 

ai+i[We) 
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where W^ — W+el. We will also denote B^ — {un+e, • • • , un'-in'-i+s}, G^ — {m7V'-(+ijv'-(+i + 
£, • • • , un'N' + e}- (see Bian-Guan[2]). 

Set u^{x) ~ u{x) + ^\x'\ , then W^ — {{u^)ij)j^ixN' ■ To simplify the notations, we will write u 
for Us, q for q^, W for We, G for Gg, and B for Bg with the understanding that all the estimates 
will be independent of e. In this setting, if we pick O small enough, there is C > independent of 
e such that 

(3.4) ^ Cs, 0-1 (B) ^ Ce, for aU xeO. 

First, we consider the regularity of q{W(x)). 

Proposition 3.1. ([2]) let u G C'^'^(ri) be a partial convex function with the first variable and 
W{x) = {uij{x))N'xN' ■ Let I = Tii\nrank{W {x)) , then the function q{x) = q{W{x)) defined in 
(3.1) IS inC^-'^{n). 

In the following, we denote 

dUab ' dUa ' du ' 

pab,cd __ ^ -^ pab.p^ _ ^ -^ pab.u _ ^ -^ 



dUabdUcd duabduc' duabdu 

d^p Q2p Q2p 

pPaPb -- pPa-U __ ^ P"," 



duadub' duadu^ dudu 

where 1 ^ a,b,c ^ N. 

Theorem 3.2. Suppose ft is a domain in M.^ = M.^ x M.^ and u G C^'^{Vl) is a partial convex 
solution of (l.l). Let I be the minimal rank of W ^ {uij)N'xN' in ^- Suppose I is attained at 
zo G Q, and O is a small neighborhood of zq as above. For any fixed point x E O we choose the 
coordinate such that W{x) is diagonal. Then at x we have 

N 



E 

a,b=l ^ ^ ^ ^_^ 



f pab^ _ V f. (r) + <^tiB\i)-'72{B\^) ^ , 

1^ J' 9ab -2^m[G)-i (j'^(B) J Z^ ""'' 



aiiB\^)-a,iB\^) 1 ^ , 

ieBJeG 1^ ' " a, 6=1 

1 ^ 

(3.5) 3-— ^ ^ F''''[ai{B)u,ia - Ui, ^ Ujja][ai{B)ui,b - u^ ^ Ujjb] 

1^ ' ieB a. h=l jeB jeB 

^ ' i.JeB a, 6=1 

i,jeB 
In fact, u in (3.5) is Uj(x) ~ u{x) + %\x'\ defined as above (we omit the subindex e). 
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Proof. The proof is similar to the proof in [2]. We give the main process. 
FoUowing the assumptions as above, and for a similar computation as in [2], we have 

(3.6) ai{B) = 0{(f)),uu = 0{(f>) for every i e B. 

Since (/)(a;) = (Ji^i{W) + q{W), then by the chain rule we have 

a,b—l a,b—l i,j ■' i-J^f^A 



N 



dai+iiW) , dq{W)^ 



(3-7) =E^"^E[^^^^S5^ + 



a,b—l i.j 



duij duij 



'^ijab 



a,o— 1 t,j.k,L ■^ ■^ 

Since W is diagonal and by lemma 2.2, the first term on the right hand side of (3.7) is 






a, 6=1 i,j '*•' a, 6=1 

AT 



(3.8) = ^ F"& ^ <T;(G)M,,a6 + 0{^). 



a, 6=1 ieS 



Using Lemma 2.4 in [2], the second term on the right hand side of (3.7) is 
>^ j,ahsr^ dq{W) _ A dq{W) 



a, 6=1 i^j ■^ a, 6=1 i 

N 



al{B\z)~a2{B\i) 



(3-9) = Z^ -^ Z^ ^^7m ""«b + O(0). 

a, 6=1 ieB 1^ '^ 

As in [2], the third term on the right hand side of (3.7) is 



^^ ™6 V- d^ai+i{W) 



(3.10) = i: ^ E ^^l-a^"-"-" + E ^^l-a^"-"-"] 

a, 6=1 i^tj ■'■' i^j ■> ■> 

N 

a, 6=1 i€B,jeG i.j^B 
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From Proposition 2.1 in [2], we can get 

(3.11) g-r^ ^ {(y\{B)uiia - Uij ^ Wjia][0-l(5)MMfc - "ij ^ Ujib] 



So the fourth term on the right hand side of (3.7) is 
^?^ ^ab Y- d^<l{W) 

a, 0—1 ^,3-,k,l ■' 

" ^ ^ 'T2(i?)^i„ "*■'""*■"' 

1 " 

''^■"^^'' ~ 'oHB) E ^°^ E ['^l(-S)M«a " U^i ^ Ujja][cri(B)wri6 - U^i ^ Ujjfc] 

1^ '^ a, 6=1 ieS j"eB iGB 

1 ^ 

-wm E ^"^ E ^^,au,,b + o{Y. |V"^.- 1 +</-)• 

-'-^ -^ a, 6=1 i,jes ij'es 

Substitute (3.8), (3.9), (3.10) and (3.12) into (3.7), then we obtain(3.5). 

3.2. calculation on structure condition. Now we discuss the structure condition (1.4). We 
write ^ = ( ^T J and a'^ = (a*^'), where a = (a,j) £ 5^', 6 = (6fca) e K^'^^" and c = (c„,3) e 



Lemma 3.3. The condition (1-4) is equivalent to 
(3.13) 

N N N' N N 

a,6,c,d=l a,6=l fc,i=l a,6=l Q=Af' + l 

N N N' N N 

+ 2 ^ i^'^^'"X„,,r + 2 ^ ^i^'^'''="'X„bZ, + J2 FP''^P^XaXp + 2 J2 F^^'^'XaY 

o,6=l a, 6=1 i=l a,;3=Ar' + l a=N' + l 

N N' N' N' 

+ 2 Y^ ^FP-'^'X„Z, + F"'"y2_^2^i^"'^'yZ, + ^ i^^-^^Z,Zj ^0, 

Q=W + 1 i=l i=l J,j = l 

/or every X = ((X„6), (X„),y, (Z,)) G 5^ x M^" x R x M^'. 



a 



-1 a"i& 



Proof. We denote G{a,b,c,p",u,x') — F{[ , _17\t i uT -lu) 'P''P"' "'^''^")i and we let 
1 ^ i,j,k,l,m,n,s,t < A^', A^' < a,P,j,ri,^X ^ ^": and 1 < a, 6, c, d < A^. Then condition (1.4) 



10 CHUANQIANG CHEN 

is equivalent to 
(3.14) 

q2q q2q q2q q2q 

y T^ T{ XijXkl +2 y — — XijYka +2 y — XijZaB + 2 > — XijXa 

^-^ daijdu ^da^jdxk .^,,obkaObip J—' obkaOCy^ 

f—' dbkaOpp f^ dbkaOU f-^ ObkaOXi j-^ dCafjdCj^ 

k^a.p k,a k,a.l a.p,j.r] ' ' 

q2q q2q q2q q2q 

+ ^ E "a a — ZafjX^ + 2 >^ "^ ^-^0,3^ + ^ E "a «~-^"/3-^'+ E a — a — XaX^ 

^ dcafsdpj ^ dcapdu ^ dcafjdxi ^^ opadp^ 

■■^ dpadu " ■'^ dpadxi " 5u9u ■'^ dudxi ^-^ dxkdxi ^ 

for every ((X^), (r^), (Z^p), (X„), F, (Z,)) e S^' x M^'^^" x 5^" x M^" x R x M^'. 

To get the equivalent condition (3.13), we shall represent all the derivatives of G in (3.14) by 
the derivatives of F. 

Suppose a~^b = (Bka) = (Y^a^^bia), and c + b'^a^^b =■ (Cap) = {caf3 + J^^kaa'^'-bifj), then 

( k,l 

G{a,b,c,p",u,x')^F{(/' \t [^'"^Xp',p",u,x',x"). 
A direct computation yields 



dain ^-^ dan ^-^ da^ ^-^ daij ^-^ dan 

■> k,l ■' kJ3 ■> a,l ■' a, 13 ^ 



(3.16) dG^y^^„dB^^y^^^dBr^^y^^,^da 



7JJ 



dbkfj ^—' dbkfj ^—' dbkii ^—' dbk/s ' 

' m.a ' a.n ' ■y.r] ' 

So we have the second derivatives of G in (3.14) as follows. The derivatives of G in the last ten 
terms are simple, 

^ G _ pxk,xi ^ G ^ ^„ ,j,j d G ^ ^„ „ 



dxkdxi ' dudxi ' dudu 



dpadxi ' dpadu ' dpadp- 

^ G _ pap.xi '9 G _ paP,u 



dcapdxi ' dCafjdu 

^ G _ pa0,p-, ^ G ^ paP.fri 



dCalldpj dCapdCyri 

From (3.15), we can get the derivatives of G in the third-sixth terms of (3.14) 



dttiidc^ri ~! 9a, 1 -^ da^ "^ dan , dan 
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9 G ^ y^ pkLp^ 9a M—^ pkl3,p., dBkfj y^ paLp^ ^Big y^ paf3,p^, dCgfj 

da^jdpj ^ daij f-' da^j ^ daij ^ daij 

■' ' k,l ■' k,p ■' a,l ■' a,p ■' 



^ G ^ ^ pkl.u '^'^ . ^ pk0,u C'Bki3 y^ pal,u 9Bla y^ pa0,u dCg/S 

da,,idu ^ dttij ^ daij ^ da^ ^ dau 

■' k,p ■' a.l ■' a.ji ■' 



^^G ^ y^ pM,x^ 9a''' ^ y^ pkp.Xr^ d^kp ^ y^ pal^x^ ^Big ^ y^ pap.x^ ^Ggfj 

daadxm dan dan dan ■^ dan 



From (3.16), we can get the derivatives of G in the eighth-eleventh terms of (3.14) 






JCi_l2!I 



dbkpdc^Q ^-^ dbkjj 



9 G ^ y^ pma.pc 9Brna y^ pan,p^ dBna y^ ^7)7,^^ ^^Ti? 

dhkiidpc ^ dbkp ^ dhkH ^ f)h,.^' 

' ^ m.a ^ a,n ^ 7,?; 



^ G _ y^ pma,u£^rna_ y^ panM 9Bna y^ p-fri.u ^^Gjn 

dbkpdu ^ dbkp ^ dbkp ^ dbkp ' 






dbkpdxi ^-^ dbkp ^-^ dbkp ^-^ dbkp 

Also from (3.15) we can get the derivative of G in the first term of (3.14) 

9^G ^ y^ pkl ^^Q''' I y^ pkl3 d'^Bkp ^ ^ pal 9'^Bia ^ ^ pa0 d'^Cgf) 

OdijOClfan , , OdijOdmn , ,, OClijO(l'p27i , OdijOClrnn ,, OdijOdmn 

•* k,l -^ k,^ •' a,l -^ a, [3 -^ 

V^ OQ^ rV-^ Tj^kLst ^^^ I V^ pkl^sT] ^^S7] V^ pkl,-yt ^^t-f V-^ pkl.,jr] ^^7^ 1 

~^ Z^ /9^ . . LZ^ /9^ "*" Z^ /9^ ^ Z^ /9^ ^ Z^ r)/7 ^ 

k,l -^ s.t s,7] 7,t 7,77 

y- 9Bfc£ y^ pfcg.^t gg"* y^ pkp,sn ^^sr, y- pkp,^t ^Btj y^ pkp.yy ^G^n ^ 
^ Z^ /9„ . . ^Z^ /9„ ^ Z^ f)r, ^ A^ f).. ^ A^ da 

kjj ■^ s,t s.r] 7,r 7,77 



/)„ . . ^Z^ /)„ Z^ ^„ Z^ /)„ Z^ 

E t^C'gff y-^ g^g^daf^ y^ paP^sTi "^sri y^ pal3,-ft "Bf^ y^ f^^^^oCy^ 

f).. . . ^Z^ f).. ^ A^ f)ri ^ 2^ F)„ ^ 2-^ da 

a.p •' s,t s,r; 7,i 7,77 
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and the derivative of G in the second term in (3.14) 



Odij OOmrj , ., OClij Oumrj . OUij Ounvq ^ 0(Xij OOmrj 

V- 9a^r>r- pki,sc^^ , V pfe'.?*.^^ + V Ffc'.f C ^Qc i 
^ A^ f)f,.. ^Z^ /)?, ^ Z^ /)/, ^ Z^ r?/) ^ 



y^ a-Dfc/3 .M-^ pkf3,sc "^sC ^ y^ pkfi.^t "^t(, ^ y^ ^fe,3,ec ^ 



dan A' dbjnn 4^ dbmn "ri db„ 



/^^ . . ^Z^ /^/. "^ Z^ /^T, ^ Z^ (9/> ^ 



From (3.16), we can get the derivative of G in the seventh term of (3.14) 



^ ^ ^ y^ piv_^_£rn_ 
dbkfjdbia ^ dbkfjdbia 



1;V 



dBrnr, ry-^ pmy.sC ^^K y^ pmrj.^t^^t^ , y^ pmv,$C ^^JC 1 

96fe;3 ^Z^ a6,„ ^ Z^ 96z„ ^ Z^ 96,, ^ 



7," '^ sx i,t 5,c 

y^ 9C^.y- ,^ dBsc y^ jtaBt£ y- P7';,«C^^i 

7,»? '^ s,C C,t 4,C 



So we denote 



(3.17) Xfe, = ^ ^— Xjj, X/3fc = Xfc0 = ^ -^— Xjj, X„;3 = ^ "a^^*-'' 

(3.18) Yki = 0, Ypk ^Ykp^Y. ^T^^™"' ^"-s = Y. Ir^^""' 

(3.19) Zfcj = 0, Zfjk ~ ^A;/3 == 0, Zap ~ Za[3- 
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From the above calculation, and (3.17)-(3.19), we can get the first term of (3.14) 
^ da da ^*J"^™" 

f)^fjkl q2 d 

= 2_^ ^ 2-^ Ti T) ^^-^ ^nni + 2_^ ^ 2-^ Ti T) ^^■^ ^mn 

kU t,j.m,n -^ k,p t,j.in,n ■^ 

Eril X — ^ ^ ^la X — ^ rvfi X — ^ ^ ^aB 
^ 2-^ Ti T) ^ij^fnn + / ^ F / ^ ^ T, ^ij^mn 

, . . OdijOdmn r, ■ ■ OdijOdjjiji 



N 



+ J2 F-'-^'^'^abXc 
a,6,c,rf— 1 

N 

(3.20) =2;^F"'';^a,,X„X,b+ ^ F'^'^^'^XatX^d, 

a,b ij a,fc,c,cZ— 1 

the second term of (3.14) 

V ^'^ X Y 

. . CfdijOO^fjif^ 

^ Z^ da db ^^i^"^n + 2^^ 2^ da-db ^^ "'' 

k,p i.j,m,rj -^ ' a, I i.j,m.'q -^ ' 

a ■ ■ OdijOOmrt , , T 

a.p t,j.in,rj •' ' a.b.c.d—l 

k,(3 i.j a,l i.j 

N 

^J-pcPJ- a,j {X,^Y,p + X.pY,^) + Y. F"''"''^abYcd 

a. 13 i.j a,fc,c,rf— 1 

N 

(3.21) =;^F«'';^a,,(X,„r,fc+X,fcr,„)+ J2 P^'^'^^XabY^d, 

a.b i.j a,b,c,d—l 

and the seventh term of (3.14) 

E t/S-^^^^'-^E^'" E 7)?%^^''^^"+ E F'"''''YabY.'i 



N 

TT^ab.cd^r -t, 

cd 



=2^^^''E««J^*7^J^+ E ^"''■"'YabY, 

l^V i-J a,fc,c,d— 1 

N 

(3.22) =2^F"''^a,,y,„y,b+ ^ F"'''^^!;^?,^ 

a, 6 «,j a,6,c,d— 1 
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Also we obtain the third-sixth terms in (3.14) 



,2r- N 



d G ~ ~ 

(3.23) 2^ o . a XijZjr, = 2_^ F" '" XabZcd, 



i.j^j.ri -^ ' ' a,o,c,a— 1 



(3.24) E^^-^^«.^.-EE^"'-^-^.- 

i,J,7 -^ ' a, 6=1 7 

i,j -^ a, 6—1 

(3.26) V —^—X,,Zk - V V F-^'^'-X.bZfc, 

i.j^K a, 0=1 /c 



and the eighth-eleventh terms in (3.14) 



^in ^ 



(3.27) E a5^^^^^« = ^ ^"^^^?-^-^ 



^2/^ ^f 



(3.28) E^^'^^^C-EE^^^-^-^C, 



32/^ ^ 



(3.29) Y. 1&^^'^^^ ^ E ^'^"'"^^^r, 



^2^ W 



So letX = {{Xab + yab + Zab), {Xa),Y, {Zi}), then we can obtain (3.13). Also the equivalence holds. 



4. STRUCTURE CONDITION AND THE PROOF OF THEOREM 1.2 

In this section, we prove Theorem 1.2 using a strong maximum principle and Lemma 3.3. Also 
Corollary 1.4 holds directly from the proof. 

We denote 5" to be the set of all real symmetric n x n matrices, and denote 5" G 5" to be 
the set of all positive definite symmetric n x n matrices. Let 0„ be the space consisting all n x n 
orthogonal matrices and In" be the N" x N" identity matrix. We define 



« '^Q- Qb 



N'xN" \j„ ^ c-N" w^ r- r^^__ WD ^ cA^'-l^ 



and for given Q G Ojv 
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Therefore Sn'-i{Q) C Sn'-i C S^ . For any (p',x") fixed and Q E On', {A,p",u,x') e 
Sn'-i{Q) X E^" X M X K^', we set 

Xp = ((F"''(A,p,u,x)),FP"'+i,--- ,F'P^ ,F'^,F''\--- ,i^^"') 
as a vector in S^ x R^" x M x K^'. Set 

(4.i) rjf^ = {^ e 5Ar'_i(g) x R^" X M X R^'l /x,x|,\ = 0}. 

Let B e S^'-\ A = B-\ and 

For any given Q G Oat/ and X = {{Xab), (Xa), Y, (Z,)) £ Sn'-i{Q) x R^" x M x M^', we define 
a quadratic form 

N N N' 



Q*iX,X)= J2 F^''''''XabX,d + 2j2J2P'''^Q^Q^^kiXkaXik 

a,b,c,d—l a,b— 1 k^l—1 

N N N N N' 

(4.2) + 2 ^ J2 F^'^^^XabX^ + 2 Y, F-^'^^XabY + 2 ^ ^ F^^'^-'XabZ, 

a,b=la=N' + l a, 6=1 a,b=li=l 

N N N N' 

+ J2 FP'"Pf>XaXf! + 2 J2 FP''^''XaY + 2 J2 YFP'"'''XaZ, 

a,l3=N' + l a=N' + l a=N' + l i=l 

N' N' 



i— 1 ij — 1 

where the derivative functions of F are evaluated at ( tt^t I jP: "j ■ 

From lemma 3.3, we can get 

Lemma 4.1. If F satisfies condition (1-4-), then for each {p',x") 

h 
6^ c 

where Q* is defined in (4-2) 



(4.3) F{\ ,x ] ,p,u,x) is locally convex in {c,p" ,u,x'), and Q*{X,X) ^ 0,\/X E Tx* 



Proof. Taking e > small enough such that a = Q ( _ „ ^ 1 Q^ is invertible, and 

\^U B + eiN'-iJ 

using (3.13), where X = {{Xab), {Xa),Y, {Zi)) G P-^, , then we can obtain (4.3) when e ^ 0. 
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Theorem 1.2 is a direct consequence of the fonowing theorem and Lemma 4.1. 

Theorem 4.2. Suppose n is a domain in M^ = M^' x M^" and F{A,p,u,x) e C'^^'^iS^ x 
R^ X M X O) satisfies (1.2) and (1.4)- Let u £ C^'^{^) is a partial convex solution of (1-1). If 
W{x) ~ {uij{x))N' xN' attains minimum rank I at certain point zq G O, then there is a neighborhood 

of Zq and a positive constant C independent of (j) (defined in (3.2)), such that 

N 

(4.4) Y. ^''"^-b ^ C(0 + |V0|), Vx £ O. 

In turn, W{x)is of constant rank in O. 

Proof of Theorem 4.2. Let u G C^'^{Vt) be a partial convex solution of equation (1.1) and 
W{x) — {uij{x))]^>y^pfi . For each zq E n where W attains minimal rank I. We may assume 

1 ^ A'^' — 1, otherwise there is nothing to prove. As in the previous section, we pick an open 
neighborhood O of zq, and for any a; G O, let G = {A^' - ? + 1, • • • , N'} and B = {1,2,- ■ ■ ,N' - 1} 
which means good terms and bad ones in indices for eigenvalues of W{x) respectively. 

Setting (f) as (3.2), then we sec from Proposition 3.1 that 

^eC^'\0), cf,{x)^0, cf,{zo)=0, 
and there is a constant C > such that for all x E O, 

(4.5) ^Ti(B)(x) < 0(x) < Ca,{B){x), ^<ti(B)(x) sC ai+,{W{x)) «: Ca,{B){x). 

We shall fix a point x E O and prove (4.4) at x. For each x E O fixed, we rotate coordinate 
ei, • • • , eN' such that the matrix Uij, i,j~l,---,N'[s diagonal and without loss of generality we 
assume un ^ U22 ^ • • ■ ^ un'N'- Then there is a positive constant C > depending only on 
||u||p3,i and O, such that u^vw ^ • • • ^ M7V'-(+iAf'-i+i ^ C > for all a: G O. Without confusion 
we will also simply denote B = {un, • • • , mtv-zw-;} and G = {uw-;+i7V'-;+i, • • • iUn'N'}- Note 
that for any (5 > 0, we may choose O small enough such that Ujj < S for all j G B and x <E O. 

Again, as in section 3, we will avoid to deal with ai+i{W) ~ 0. By considering W^ = W + eI, 
and Ue(x) = u{x) + | \x'\ for £ > sufficient small. Thus u^{x) satisfies equation 

(4.6) F{D''u„Du„u„x)^R-Sx), 

where Re{x) = F{D^Ue, Due, u^, x) — F{D^u, Du, u, x). Since u G C^'^; we have, 

(4.7) \Re{x)\^Cs, \VRe{x)\i^Ce, \V^Re{x)\ ^^ Cs, VxeO. 

We will work on equation (4.6) to obtain differential inequality (4.4) for 4>£{x) defined in (3.3) 
with constant Ci, C2 independent of e. Theorem 4.2 would follow by letting e ^ 0. In the 
following, we may as well omit the subindex e for convenience. 

We note that by (3.4), we have 

e < C(l){x), Vx G O, 
with R{x) under control as follows, 

(4.8) \D^Re{x) I :^ Ce, for ah j = 0, 1, 2, and for ah x eO. 
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Differentiate (4.6) one time in Xi for i E B, then we can get 

N N 

a, 6=1 a=l 

i.e. 

JV N 

(4.9) Yl P"'uaM+ J2 ^^""« + i^"w, + F"'-0(^ |Vu,,|+</>). 

a,()=Ar'-(+l a=N' + l i,jeB 

Differentiate (4.6) twice in Xi for i E B, then we obtain 

N N N N 

a, 6=1 a, 6=1 c,d—l c—1 

N N N N 



(4.10) +^FJ'»Ma^^+^^i„[^ FP-=V* + 5]FP-P=u„ + i^P-"M, + FP--' 

a=l a—1 c,d—l c—1 

N N 

+ F^uu + u,[Y, ^"'^Vd^ + Y. ^""^"^ + ^"""^ + ^"'"'] 

c,d=l c=l 

TV Af 



c,(i=l c=l 



I.e. 



AT Af N N 

Y F'^'^aU^ + Y. F"''"''^ab^Ucd^ + 2 Y E ^"''^^ Wa6^Uc^ 

a, 6=1 a,6,c,d=A'-i + l a,6=A'-(+l c=A' + l 

N N N 

(4.11) +2 ^ F"^'"u,b^U^ + 2 ^ ^'^''■"'Ua6^ + JI ^^"'^^"a^Mc^ 

a,6=A'-(+l a,6=A'-(+l a,c=A' + l 

N N 

+ 2 ^ i^P-"w„Mi + 2 Y FP^''''Ua^ + F'''"u^^+2F"^'='U^ + F'=^'''^ 
a=N' + l a=N' + l 

=0{Y |Vu,j|+0). 

i,]£B 

So for each i e i?, let 

N N N N 

J^= Y F'^^'^^'^UaUUcd^ + l Y Y. ^"'''''Wa6zUcz+2 Y ^"''"«a6^M. 

a,6,c,d=A'-i+l a,6=A'-(+lc=A' + l a,6=A'-(+l 

N N N 

jeG ■'■' a,6=A'-(+l a,6=A'-i + l a,c=A' + l 

N N 

(4.12) +2 ^ FP-"u„u, + 2 Y i^^'-'^'w^ + i^"'""- +2F"'^'M, + F^-^*. 

a=A' + l a=A' + l 
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Substitute (4.11) and (4.12) into (3.5), then we obtain 

a6=l ^^g <yi[^) 

1 ^ 

(4.13) ^ a^(B) ^ ^ F''''[(7i{B)uua - u« Yl ^jja]['^l{B)u^ib - uu ^ Ujjb] 

1^ -^ ieBah=l jeB jeB 

^ ^ i.JeB ab=l 

+0{J2 |Vu»j|+(/)). 

i,j&B 

By condition (1.4), since u G C^'^, so F"*" G C°'^. For O C $7, there exists a constant (Jq > 0, 
such that 

(4.14) (i^"^) ^ (5o/jv, Vx G C 
Case(i): I = 0. Then G = and 

AT N N 

J,= Y, F''''''''{D^U,Du,U,x)UaMUcM + 2 ^ ^ F^^-^^^Ua^.u,, 

a,&,c,d=A'+l a,b=N' + lc=N' + l 

N N N 

(4.15) +2 J2 F"'''"UaMU^+2 J2 F"'''"'UaM+ J2 F^'^'^'^Ua^U,, 

a,b=N' + l a,b=N' + l a,c=N' + l 

N N 

+ 2 Y ^''°'"Wa^U^ + 2 ^ F^-"' M„ + F^'^U^ + 2F"'"'M, + i^"-"% 
a=Af' + l a=JV' + l 

where all the derivative functions of F are evaluated at {D'^u, Du,u,x). Since F G C^'^ and 
II l^(^)llc'' ~ 0(0), by Taylor formula and condition (4.3), we can get 

N N N 

.h^O{^)+ J2 F'^'''-''uaUU,M + 2 J2 J2 F'^^'^^^UaUU.i 

afi,c,d=N' + l afi=N' + lc=N' + l 

N N N 

a,6=A' + l a,6=Af' + l a,c=A' + l 

A N 

+ 2 ^ FP-"m„w, + 2 ^ FP-="'u„+F"^"u2 + 2F"'="'u, + F^-^' 

a=N' + l a=N' + l 

(4.16) ^ - C0, 



where all the derivative functions of F are evaluated at ( 



( (uA;a)\ X 
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Case(ii): 1 < / ^ iV' - 1 

Now we set Xab = ior a E B or b E B, 

N N 

(4.17) Xn'N' = UN'NH - -pj^Twi Yl ^"''"«''* + H ^"""^ + ^""* + ^"']' 

a,b=N'-l+l a=N' + l 

Xab = Uabi Otherwise, Y — ui and Zk = Ski- We can verify that (Xab) G Sn'-i{In') and 
X = {{Xab), {Xa), Y, {Zi)) e r^. . Again by condition (4.3), we infer that 

(4.18) J^>-C{J2 |Vu»j|+0), 

i,jeB 

since C > <ti{G) + '^i(B\^J-^^2{B\t) ^ q^ ^^^^ ^^ ^^^^^^ 

N 

a, 6=1 i,j&B 

1 ^ 

- ^3(m Yl Yl F''''[<^l{B)u^^a ~ Uu ^ Ujja][<Jl{B)u^ib - U^i ^ Mjjfc] 
1^ ' ieB a.b=l jeB j£B 

^ ^ i,jeS a, 6=1 

(4-19) ^ ^(E iv"^.i+^)- J^EE^.^.-^ E E4a, 

ij'eS 1^ ' ieB a=l ^ ' i.JeB a=l 

where Via = cri{B)uiia — ua ^ %ja- Referring to Lemma 3.3 in [2], we can control the term 

jeB 
^ iVwijI by the rest terms on the right hand side in (4.19) and (f) + |V0| where 
i,jeB 

(4.20) 0„ = O(0) +Y.MG) + "^^^'^l7"^^^'^V .a. 
So there exist positive constants Ci,C2 independent of e, such that 

N 

(4.21) J2 ^"''^"b ^ Ci{(f,+ \V(t)\)-C2 ^ |V^i,,|, Vx e O. 

ab=l i,j&B 

Taking e ^ 0, (4.19) is proved for u. By the Strong Maximum Principle, (f>{x) = in O; and W is 
of constant rank in O. The proof of Theorem 4.2 is completed. 

Remark 4.3. In the above proof, we have used a weak condition (4.3). Also we can directly use 
the condition (1.4), i.e. (3. 13). We set Xab = for a G i? or 6 e i?, Aa6 = Uabi otherwise, Y — Ui 
and Zk = 5kr. Then we have X = {{Xab), (A„),r, {Z,)) e S^ x R^" x M x M^', and by (3.13), 
Ji ^ for every i <E B. So (4.19) holds. As above. Theorem 4.2 holds. 



20 CHUANQIANG CHEN 

Remark 4.4. In particular, for N' — 1, we only need the following structure condition 
(4.22) -^U /,T ) tP'tP"t^t^'t^") is locally convex in {c,p",u,x'), 

then we have {uij)N'xN' is of constant rank in O. Since when iV' = 1, so the minimum rank I has 
only two cases: I ^ 1 and 1 = 0. If / = 1 we are done; and ii I = 0, (4.16) and (4.19) holds by 
condition (4.22). Then the result holds as the proof of Theorem 4.2. 

5. THE PROOF OF THEOREM 1.5 

In this section we give the proof of Theorem 1.5. It is similar to the proof of Theorem 1.2 only 
some minor modifications. 

Following the notations of Theorem 1.5, suppose W{x,t()) = {uij{x,t()))j^'xN' attains minimal 
rank I = l{to) at some point zo G ^- We may assume I ^ N' — 1, otherwise there is nothing to 
prove. As in the section 4, there is a neighborhood O x (to — S, to + S] of (zo, to) instead of O, such 
that Mjv'A" ^ ■ ■ ^ WAr/_;+i7V'-(+i ^ C > for all (a;,t) G O x (to — (5, to + S], and we can denote 
B ^ {uii,--- ,UN'-iN'-i} and G = {un'-i+in'-i+i,- • ■ ,un'N'}- If to == T, the neighborhood 
should be O X (to - 5, to]. 

Setting (f) as (3.2) (where W{x,t) instead of W{x)), then we see from Proposition 3.1 that 

(f>eC^'\Ox{to-S,to + S]), </>(a;,t)^0, </>(zo,to) = 0, 

Also when we choose O and 5 > small enough, the corresponding (3.4), (4.5) and (4.8) hold. 
Then Theorem 1.5 is a consequence of the following theorem and the method of continuity. 

Theorem 5.1. Suppose flis a domain in R^ = R^' x R^" and F{A,p, u, x, t) e C'^^'^{S^ x R^ x 
R X f2 X (0,r]) satisfies (1.2) for each t and (1.8). Let u G C'^'^ is a partial convex solution of 
(1.9). For each to £ (0,r], ifW{x,to) = {uij{x,to))N'xN' attains minimum rank I at some point 
zq G n, then there is a neighborhood x (to — S, to + 6] of (zq, to) as above and a positive constant 
C independent of (p (defined in (3.2)), such that 

N 

(5.1) Y. ^"Va6(x, t) - 0t (x, t) < C((/.(x, t) + I V,^(x, t) I), V(x, t) G X (to - 5, to + (5]. 

ab=l 

In turn, W{x,t) has constant rank I in O x {to — 5, to], where I = /(to). 

Proof of Theorem 5.1. The proof is similar to the proof of Theorem 4.2, so we only give the 
main process of the proof. 

With ut = F{D^u, Du, u, x, t), using the same notations as above and the proof of Theorem 4.2, 
we have Ue{x,t) = u{x,t) + | \x'\ for e > sufficient small. Thus Ue(x,t) satisfies equation 

(5.2) {u,)t = F{D^u„Du,, u,, x, t) - R,{x, t), 

where Re{x, t) = F{D^u^, Du^, u^, x, t) — F{D^u, Du, u, x, t). 
As in the proof of Theorem 4.2, we omit the subindcx e. 
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Differentiate (5.2) one time in Xi for i ^ B, then we can get 

N N 

J2 ^"'"-^^ + E ^''°"- + ^""^ + p"' = o(,^) + u,,t , 

a,b=l a=l 



N N 

(5.3) Yl P"'^aM+ Y. FP^Ua^+F"u,+F-'=0{Y\^^^l\+^) 

a,b=N'-l+l a=N' + l i-jeB 

Differentiate (5.2) twice in Xi for i <E B, tlren we can get 

N N N N 

a,b—l a,b—l c,d—l c—1 

N N N N 

a—1 a—1 c,d—l c—1 

N N 



U^.t 



(5.4) + F'^uu + u,[ Y F''''''ucd^ + J2 ^"'"^"^ + F"'"u, + F"'"'] 

c,d=l c=\ 

N N 



:,d=l c=l 



AT Af N N 

J2P"'^-b^^+ Y F-''^-^Uab^Ucd^ + 2 ^ ^ F"^'P=U„fc,Ue 

a, 6=1 a,6,c,d=A'-i + l a,6=Af'-;+l c=A' + l 

N N N 

(5.5) +2 ^ F"^'"u„fc,u, + 2 ^ F''^'"'uafc^+ ^ FP-P=u„,w,, 

a,b=Ar'-; + l a,6=A''-i+l a,c=A' + l 

N N 

+ 2 ^ FP''■''^Ua^U^+2 ^ F^-^^'u^ + F^'^u^ + 2F"'="'U, + F^-^' 
a=A'+l a=A' + l 

=0{ Y iVuijI +(/>)+ Uii^t ■ 
i,]eB 

We denote that 

ij=i *^ i=i " 
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SO we can obtain from (3.5), (4.12) and (5.5), 

f; F"V..(:.,t) - M-,t) = - ^ h(G) + ^il^^^-^aMl] J, 
ab=l ieB "^1^ ^ 

1 ^ 

(5.6) ~^^7sy ^ ^ F''''[ai{B)uua - U^ ^ Mjja][CTl(B)Mi,t - Uu Y^ Ujjb] 

1^ ' iGB ab=l jGB jGB 

1 ^ 

~ rn(B) ^ ^ ^'' UijaUijb 

+0(^ \Vu,,\ + cj,). 

hj&B 

Now the right hand side of (5.6) is the same as the right hand side of (4.13). From Remark 4.3, 
we set Xab = for a E B or b E B, Xab = Uabi otherwise, Y ^ Ui and Zk = Ski- Then we have 
X = {{Xab), {Xc),Y, (Z,)) eS^ X K"" X R X M^', and by (3.13), Ji ^ for every ieB. So (4.19) 
holds. A similar analysis as in the proof of Theorem 4.2 for the right hand side of equation (4.19) 
yields 

N 

(5.7) Y. F"'''l^ab{x,t) - Mx,t) ^ Ci{cj){x,t) + \V^{x,t)\) - C2 ^ |Vu,j|, 

ab=l i,j<^B 

where the positive constants Ci,C2 independent of e, and (x, t) E O x {to — S, to + S]. Then W{x, t) 
has a constant rank I for each (x, t) E Ox {Iq — S, Iq] by the Strong Maximum Principle for parabolic 
equations. Theorem 5.1 holds. 

6. DISCUSSION OF STRUCTURE CONDITION 

In this section, we discuss the condition (4.3) and (1.4). 
For any given Q E On', we define 

(q(° ".)o- o(° °,)' ^ 



FQ{A,b,c,p",u,x) = F{ 



A-i;^ ^^0 ^"' 



v^Ho ^-^J^ ^+'lo /-jv 



,p,u,x), 



for (^,6,c,p",M,x') e 5f'-i X M^'x^" x S^" x K^" x M x M^' and fixed {p',x") E R^' x R^" . 
Condition (1.4) implies the following condition 

(6.1) Fq{^, b, c,p" , u, x') is locally convex in {A, b, c,p" , u, x'), 
for any fixed N' x N' orthogonal matrix Q. 

Proposition 6.1. Let Q E On'- The condition (6.1)is equivalent to 

(6.2) Q*{X,X)^0, 

for any X = {{Xab), {Xa),Y, {Z,)) E Sn'-i{Q) x R^" xRx R^' , where Q* is defined in (4.2). 
Proof. By approximating. Proposition 6.1 holds from Lemma 3.2. 
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Remark 6.2. Condition (1.4) is equivalent to (3.13), and (1.4) implies (6.1) for any fixed N' x N' 
orthogonal matrix Q. Condition (6.1) is equivalent to (6.2), and Lemma 4.1 is a consequence of 
Proposition 6.1. And condition (6.1) is weaker than condition (1.4). 

There is a class of functions which satisfy (1.4). Through a direct calculation and using (3.13), 
we can get 

Proposition 6.3. If g is a non- decreasing and convex function and Fi, ■ ■ ■ , Fm satisfy condition 
(1-4-), then F ~ g{Fi, ■ ■ ■ ,-F'm) o,lso satisfies condition (l-i)- Iit- particular, if Fi and F2 are in the 
class, so are Fi + F2 and F" ( where Fi > j for any a ^ 1. 

Remark 6.4. This paper was finished in April 2009, and B. Bian and P. Guan give a better 
structural condition ( an equivalent condition of (4.3)) in their paper "A Structural Condition for 
Microscopic Convexity Principle" , which appears in Discrete and Continuous Dynamical Systems, 
Volume 28, Number 2, 2010, pp. 789-807. 
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